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a b s t r a c t
Let p and q be positive integers. An L(p, q)-labelling of a graph G is a functionφ : V (G) → N
such that |φ(x) − φ(y)| > p if x and y are adjacent and |φ(x) − φ(y)| > q if x and
y are of distance two apart. The L(p, q)-labelling number λ(G; p, q) of G is the least k
for which G has an L(p, q)-labelling φ : V (G) → {0, 1, . . . , k}. In this paper we prove
that for every planar graph G without 4-cycles and of maximum degree ∆, λ(G; p, q) 6
min{(8q− 4)∆+ 8p− 6q− 1, (2q− 1)∆+ 10p+ 84q− 47}.
© 2007 Elsevier B.V. All rights reserved.
1. Introduction
All graphs considered in this paper are finite simple graphs. For a graph G, we use V (G), E(G),∆(G) and δ(G) to denote,
respectively, its vertex set, edge set maximum degree andminimum degree. The distance between two vertices is the length
of a shortest path connecting them. The square G2 of a graph G is the graph defined on the vertex set V (G) such that two
distinct vertices are adjacent in G2 iff their distance is at most 2 in G. The girth g(G) of a graph G is the length of a shortest
cycle in G.
Let p and q be two positive integers, andN the set of all nonnegative integers. An L(p, q)-labelling of a graphG is a function
φ : V (G) → N such that |φ(x)− φ(y)| > p if x and y are adjacent and |φ(x)− φ(y)| > q if x and y are of distance two apart.
The L(p, q)-labelling number λ(G; p, q) of G is the least k for which G has an L(p, q)-labelling φ : V (G) → {0, 1, . . . , k}.
Motivated by the channel assignment problem [13], Griggs and Yeh [12] initiated the study of the L(2, 1)-labelling
problem in 1992. They determined λ(G; 2, 1) for some special classes of graphs, such as paths, cycles, trees, and graphs
of diameter 2. They also showed that λ(G; 2, 1) 6 ∆2(G)+ 2∆(G) and made the following conjecture.
Conjecture 1. For any graph G with∆(G) > 2, λ(G; 2, 1) 6 ∆2(G).
Chang and Kuo [7] proved in 1996 that λ(G; 2, 1) 6 ∆2(G) + ∆(G). Král and Škrekovski [16] improved the bound to
∆2(G)+∆(G)− 1 in 2003, and Gonçalves [11] established the currently best bound∆2(G)+∆(G)− 2 in 2005.
Observe that an L(1, 1)-labelling of a graph G is equivalent to a proper vertex coloring of its square G2, and thus
λ(G; 1, 1) = χ(G2) − 1, where χ(H) is the chromatic number of graph H . In this connection, we note that Wegner [25]
made the following conjecture in 1977.
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Conjecture 2. For every planar graph G,
χ(G2) 6
{
∆(G)+ 5 if 4 6 ∆(G) 6 7,
b3∆(G)/2c + 1 if ∆(G) > 8.
The distance two labelling problem of planar graphs has received much attention in recent years. Van den Heuvel and
McGuinness [15] proved in 2003 that λ(G; p, q) 6 (4q− 2)∆(G)+ 10p+ 38q− 23 for every planar graph G, which implies
that λ(G; 2, 1) 6 2∆(G) + 35 and χ(G2) 6 2∆(G) + 25 for every planar graph G. Molloy and Salavatipour [20] made an
improvement in 2005 by showing that λ(G; p, q) 6 qd 53∆(G)e + 18p + 77q − 18 for every planar graph G, which implies
that λ(G; 2, 1) 6 d 53∆(G)e + 95 and χ(G2) 6 d 53∆(G)e + 78 for every planar graph G. We also note that for a planar graph
G, Agnarsson and Halldórsson [2] showed in 2003 that χ(G2) 6 d 95∆(G)e + 1 if ∆(G) > 750, and Borodin et al. [5] used
an earlier version [1] of the above work of Agnarsson and Halldórsson to show that we only need∆(G) > 47 for the bound
d 95∆(G)e + 1 to hold.
For some special planar graphs, better upper bounds have been obtained for λ(G; 2, 1) and χ(G2). Wang and Lih [24]
proved in 2004 that λ(G; p, q) 6 (2q − 1)∆(G) + 6p + 24q − 15 for every planar graph G with g(G) > 5, which implies
that λ(G; 2, 1) 6 ∆(G) + 21 and χ(G2) 6 ∆(G) + 16 for such a planar graph. Calamoneri and Petreschi [6] showed in
2004 that every outerplanar graph G with ∆(G) > 8 satisfies λ(G; 2, 1) 6 ∆(G) + 2. Lih et al. [19] proved in 2003 that
every K4-minor-free graph G satisfies χ(G2) 6 ∆(G) + 3 for 2 6 ∆(G) 6 3 and χ(G2) 6 b3∆(G)/2c + 1 for ∆(G) > 4.
Calamoneri and Petreschi [6] in 2004, independently Lih and Wang [18] in 2006, proved that every outerplanar graph G
satisfies χ(G2) 6 ∆(G)+ 2, where the upper bound can be tightened to∆(G)+ 1 for∆(G) > 7. We refer the reader to [4,
8,10,21,23,26] for some results on L(p, q)-labellings of graphs.
In this paper, we study L(p, q)-labellings for planar graphs without 4-cycles Note that planar graphs without 4-cycles
possess some interesting properties. For instance, He et al. [14] proved in 2002 that every planar graph G without 4-cycles
can be edge-partitioned into a forest T and a graph H with∆(H) 6 7, and Lam et al. [17] showed in 1999 that every planar
graph Gwithout 4-cycles is 4-choosable. Our main result is the following upper bound for λ(G; p, q).
Theorem 1. Let p, q > 1 be integers. Then every plane graph G without 4-cycles satisfies
λ(G; p, q) 6 min{(8q− 4)∆(G)+ 8p− 6q− 1, (2q− 1)∆(G)+ 10p+ 84q− 47}.
As an immediate consequence of Theorem 1, we obtain the following upper bounds for λ(G; 2, 1) and χ(G2).
Corollary 2. If G is a planar graph without 4-cycles, then
(1) λ(G; 2, 1) 6 min{4∆(G)+ 9,∆(G)+ 57}, and
(2) χ(G2) 6 min{4∆(G)+ 2,∆(G)+ 48}.
We note that Corollary 2 implies that Conjecture 1 holds for planar graphs Gwithout 4-cycles satisfying∆(G) > 9 (since
∆2(G) > ∆(G)+ 57 for∆(G) > 9), and Conjecture 2 holds for planar graphs without 4-cycles satisfying∆(G) > 96 (since
b3∆(G)/2c + 1 > ∆(G)+ 49 for∆(G) > 96).
2. Structural properties
Let G be a plane graph and F(G) the face set of G. For f ∈ F(G), we use b(f ) to denote the boundary walk of f and
write f = [u1 u2 · · · un] if u1, u2, . . . , un are the vertices of b(f ) in the clockwise order. Repeated occurrences of a vertex
are allowed. The degree of a face is the total number of edge occurrences in its boundary walk. Note that each cut-edge is
counted twice. For x ∈ V (G) ∪ F(G), let d(x) denote the degree of x in G. A vertex (respectively, face) of degree k is called a
k-vertex (respectively, k-face). Let pi(f ) denote the number of occurrences of i-vertices in b(f ). When v is a k-vertex, we say
that there are k faces incident to v. However, these faces are not required to be distinct, i.e., vmay have repeated occurrences
on the boundary walk of some of its incident faces. We say that a vertex v is big if d(v) > 15 and small if d(v) 6 5. A face
f is big if d(f ) > 5. For a vertex v ∈ V (G), let N(v) denote the set of neighbors of v in G. Furthermore, let m(v), s(v) and
t(v) denote, respectively, the number of big vertices adjacent to v, the number of big faces incident to v and the number of
3-faces incident to v. A 4-vertex v is improper if it is adjacent to two big vertices x, y and incident to a big face f ∗ such that
vx, vy ∈ b(f ∗). We call f ∗ an improper face of v.
Theorem 3. Let G be a connected plane graph with δ(G) > 2 and without 4-cycles. Then G contains one of the following
configurations(C1)–(C4):
(C1) a 3-cycle xyxz such that d(x) = 2 and d(y) 6 14;
(C2) a 6-cycle u1u2 · · · u6u1 such that d(u1) = d(u3) = d(u5) = 2 and d(u2) 6 5;
(C3) a 5-cycle v1v2 · · · v5v1 such that d(v1) = d(v3) = 2, d(vi) 6 5 for some i ∈ {2, 4, 5}, and the edge v4v5 is not in
any 3-cycle of G;
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Table 1
The table of the values of τ(f → v)
τ(f → v) 6 d = 2 d = 3 d = 4 d = 5
m > 4, orm = 3 and t = 2 0 0
t = 1,m = 3 0 1/15 0
t = 0,m = 3 0.4 0.05 0
t = 2,m = 2 0.4 0
t = 1,m = 2 1.6 0.9 4/15 0
t = 0,m = 2 1.4 0.6 0.2 0
t = 2,m = 1 0.7 2/15
t = 1,m = 1 1.2 7/15 0.1
t = 0,m = 1 1.7 0.8 0.35 0.08
t = 2,m = 0 1 1/3
t = 1,m = 0 1.5 2/3 0.25
t = 0,m = 0 2 1 0.5 0.2
(C4) an edge xy with N(x) = {y, x1, . . . , xd(x)−1} and N(y) = {x, y1, . . . , yd(y)−1} such that d(x) 6 5, d(y) 6 5, d(xi) 6 14 for
i = 1, 2, . . . , d(x)− 2, and d(yj) 6 14 for j = 1, 2, . . . , d(y)− 2.
Proof. Suppose that the theorem is false. Let G be a connected plane graph with δ(G) > 2 and without 4-cycles such that
none of (C1)–(C4) is contained in G. Then the following properties (P1)–(P4) hold.
(P1) G does not contain two adjacent 2-vertices. This implies that the boundary of each face f contains at most bd(f )/2c
2-vertices, i.e., p2(f ) 6 bd(f )/2c.
(P2) G contains neither 4-faces nor two adjacent 3-faces. This means that every vertex v is incident to at most bd(v)/2c
3-faces, i.e., t(v) 6 bd(v)/2c.
(P3) G does not contain a 2-vertex v lying in the common boundary of a 3-face f1 and a 5-face f2. Because otherwise
b(f1) ∪ b(f2)would contain a 4-cycle, a contradiction.
(P4) Each edge xy with d(x), d(y) 6 5 satisfies max{m(x),m(y)} > 2, which follows from the exclusion of (C4). Thus the
boundary of each face f contains at least one vertex of degree at least 4.
To derive a contradiction, we make use of the discharging method, which was used to prove the Four-Color Theorem
(see [3,9]). The basic procedure of the method is as follows.
First, by Euler’s formula |V (G)| − |E(G)| + |F(G)| = 2 and∑v∈V (G) d(V ) = ∑f∈F(G) d(f ) = 2|E(G)|, we can derive the
following identity:∑
v∈V (G)
(d(v)− 6)+
∑
f∈F(G)
(2d(f )− 6) = −12. (1)
Next, we define the weight function w by w(x) = d(x) − 6 if x ∈ V (G) and w(x) = 2d(x) − 6 if x ∈ F(G). It follows
from (1) that the total sum of weights is equal to −12. In what follows, we will define discharging rules (R1) and (R2) and
redistribute weights accordingly. Once the discharging is finished, a new weight function w′ is produced. However, the
total sum of weights is kept fixed when the discharging is in process. Nevertheless, we can show that w′(x) > 0 for all
x ∈ V (G) ∪ F(G). This leads to the following obvious contradiction:
0 6
∑
x∈V (G)∪F(G)
w′(x) =
∑
x∈V (G)∪F(G)
w(x) = −12 < 0
and hence demonstrates that no such counterexample can exist.
The discharging rules are defined as follows.
(R1) Let v be a big vertex adjacent to a small vertex x. If vx lies on a 3-cycle that has two big vertices, then we transfer 1.2
from v to x; otherwise, we transfer 0.6 from v to x. Let r(x) denote the sum of weights discharged into a small vertex x
from all its adjacent big vertices according to (R1).
(R2) Let f be a big face incident to a small vertex xwithw(x)+ r(x) < 0. For each occurrence of x in b(f ), we transfer from
f to x|w(x)+ r(x)|/s(x) if either d(x) 6∈ 4 or d(x) = 4 and x is not improper, and 0.8 if x is an improper 4-vertex and f
is, at the same time, an improper face of x.
We carry out (R1) and (R2) in succession. Letw′ denote the resultant weight function after discharging. For x, y ∈ V (G)∪
F(G), we use τ(x → y) to denote the sumofweights discharged from x to y and τ(x →) to denote the totalweight discharged
from x to all its adjacent or incident elements. For an edge xy incident to a face f , we define τf (xy) = τ(f → x)+ τ(f → y).
The following Claim 1 follows easily from (R1) and (R2) and its proof is omitted.
Claim 1. Let f be a big face, and let v be a small vertex in b(f ) that is not an improper vertex. Then Table 1 lists all the possible
maximal values of τ(f → v) with respect to m(v) and t(v). In Table 1, we use d for d(v),m for m(v), and t for t(v).
Claim 2. Let f be a big face incident to an edge xy with d(x) 6 d(y).
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(a) If d(x) = 2 and d(y) = 3, then τf (xy) 6 2.6.
(b) If d(x) = 2 and d(y) = 4, then τf (xy) 6 3415 < 2.3.
(c) If d(x) = 2 and d(y) > 5, then τf (xy) 6 2.
(d) If d(x) = 3 and d(y) = 3, then τf (xy) 6 2.1.
(e) If d(x) = 3 and d(y) = 4, then τf (xy) 6 5330 < 1.8.
(f) If d(x) = 3 and d(y) > 5, then τf (xy) 6 1.5.
(g) If d(x) > 4 and d(y) > 4, then τf (xy) 6 1915 < 1.3.
Proof of Claim 2. Let N(x) = {y, x1, . . . , xd(x)−1} and N(y) = {x, y1, . . . , yd(y)−1}.
(a) First note by (P4) that y1 and y2 are big vertices. Since d(y) = 3 and G contains no (C1), xy does not lie on the boundary
of any 3-face. Thus x is incident to two big faces. We see from Table 1 that τ(f → x) 6 2. If y1y2 ∈ E(G), i.e., yy1y2y
forms a 3-cycle, then τ(yi → y) = 1.2 for i = 1, 2 by (R1). Thus w(y) + r(y) = −3 + 2 × 1.2 = −0.6 and
τ(f → y) 6 0.6/2 = 0.3 by (R2). If y1y2 6∈ E(G), then t(y) = 0 and hence τ(f → y) = (3 − 2 × 0.6)/3 = 0.6.
Therefore τf (xy) = τ(f → x)+ τ(f → y) 6 2+ 0.6 = 2.6.
(b) Similarly, we can derive that m(y) > 2 from (P4) and the fact that xy does not belong to any 3-cycle by (C1). Since G
contains no 4-cycles, t(y) 6 1. By Table 1, τ(f → y) 6 415 and τf (xy) = τ(f → x)+ τ(f → y) 6 2+ 415 = 3415 < 2.3.
(c) If d(y) > 6, then it is evident that τ(f → Y ) = 0. If d(y) = 5, then (P4) asserts thatm(y) > 2 and sow(y)+ r(y) > −1+
0.6+ 0.6 = 0.2. We also have τ(f → y) = 0 by (R2). Consequently, τf (xy) = τ(f → x)+ (τf → y) = τ(f → x) 6 2.
(d) Without loss of generality, we may assume that m(x) = 2 by (P4), i.e., x1 and x2 are big vertices. If xy is in a 3-cycle,
then one of x1 and x2 is adjacent to y, thus τf (xy) 6 (3− 2× 0.6)/2+ (3− 0.6)/2 = 2.1. Assume that xy is not in any
3-cycle. When x1x2 ∈ E(G), τ (xi → x) = 1.2 for i = 1, 2 by (R1), thus τf (xy) 6 (3 − 2 × 1.2)/2 + 3/2 = 1.8. When
x1x2 6∈ E(G), t(x) = 0 and thus τf (xy) 6 (3− 2× 0.6)/3+ 3/2 = 2.1.
(e) We note that t(y) 6 2 by (P2). In view of (P4), we first assume that m(x) = 2. If t(y) = 2, then either x1 or x2 is
adjacent to y. Thus τf (xy) 6 (3− 2× 0.6)/2+ (2− 0.6)/2 = 1.6. If t(y) 6 1, namely y is incident to at least three big
faces, then it is easy to obtain that τf (xy) 6 (3− 2× 0.6)/2+ 2/3 = 4730 . Next assume thatm(y) > 2. Ifm(x) > 1, then
τf (xy) 6 (3−0.6)/2+(2−2×0.6)/2 = 1.6. Otherwise,m(x) = 0. Ifm(y) = 3, then τf (xy) 6 3/2+(2−3×0.6)/2 = 1.6.
Ifm(y) = 2 and t(y) 6 1, then τf (xy) 6 3/2+ (2− 2× 0.6)/3 = 5330 . Ifm(y) = 2 and t(y) = 2, it follows that y lies on
a 3-cycle yy1y2y such that y1 and y2 are big vertices. Thus τ(f → y) = 0 and furthermore τf (xy) 6 32 .
(f) It is easy to derive that if d(y) = 5 then t(y) 6 2 by (P2). If either d(y) > 6, or d(y) = 5 andm(y) > 2, then τ(f → y) = 0
and τf (xy) = τ(f → x) 6 1.5. So assume that d(y) = 5 and m(y) 6 1. In this case, we have m(x) = 2 by (P4). Thus
both x1 and x2 are big vertices. If xy is incident to a 3-face, then y is adjacent to exactly one of x1 and x2. Consequently,
τf (xy) 6 (3−2×0.6)/2+(1−0.6)/3 = 3130 . If xy is not incident to any 3-face, then τf (xy) 6 (3−2×1.2)/2+1/3 = 1930
for x1x2 ∈ E(G) and τf (xy) 6 (3− 2× 0.6)/3+ 1/3 = 1415 for x1x2 6∈ E(G).
(g) Without loss of generality, wemay assume that d(x) 6 d(y). If d(y) > 6, or d(y) = 5 andm(y) > 2, then it is evident that
τf (xy) 6 τ(f → x) 6 1. If d(x) = 5, then τf (xy) 6 1/3+1/3 = 23 . If d(x) = 4 and d(y) = 5withm(y) 6 1, thenm(x) > 2
and τf (xy) 6 (2 − 2 × 0.6)/2 + 1/3 = 1115 . Finally, we assume that d(x) = d(y) = 4 and m(x) > 2. If m(x) > 3, then
τf (xy) 6 (2−3×0.6)/2+1 = 1.1. Otherwise,m(x) = 2.Whenm(y) > 1, τf (xy) 6 (2−2×0.6)/2+(2−0.6)/2 = 1.1.
Assumem(y) = 0. If t(x) 6 1, we have τf (xy) 6 (2− 2× 0.6)/3+ 1 = 1915 . Suppose that t(x) = 2. Let x1 and x2 be two
big neighbors of x. Thus yx1, yx2 6∈ E(G) becausem(y) = 0. It follows that [xx1x2] is a 3-face of G. So τ(f → x) = 0 since
w(x)+ r(x) = −2+ 1.2+ 1.2 > 0, and hence τf (xy) 6 τ(f → y) 6 1. 
It remains to prove thatw′(x) > for all x ∈ V (G) ∪ F(G). The argument is divided into the following two lemmas.
Lemma 4. Each vertex v ∈ V (G) satisfiesw′(v) > 0.
Proof. Let v be an arbitrary vertex of G. If 6 6 d(v) 6 14, then it is obvious that w′(v) = w(v) = d(v) − 6 > 0. Assume
that 2 6 d(v) 6 5, and we havew(v) = d(v)− 6 < 0.
If v is an improper 4-vertex, then v is adjacent to two big vertices v1, v2 and incident to an improper face f ∗ with vv1,
vv2 ∈ b(f ∗). By (R1) and (R2),w′(v) > w(v)+ τ(v1 → v)+ τ(v2 → v)+ τ(f ∗ → v) > −2+ 0.6+ 0.6+ 0.8 = 0.
Otherwise, v is not an improper 4-vertex. If r(v) > |w(v)|, then w′(v) = w(v) + r(v) > 0. If r(v) < |w(v)|, i.e.,
w(v) + r(v) < 0, then (P2) asserts that s(v) > dd(v)/2e1 > 1 and w′(v) = w(v) + r(v) + s(v) · (|w(v) + r(v)|/s(v)) =
w(v)+ r(v)+ |w(v)+ r(v)| = w(v)+ r(v)− w(v)− r(v) = 0 by (R2).
Assume that d(v) > 15 and let
S1(v) = {x ∈ N(v)|τ(v → x) = 1.2},
S2(v) = {x ∈ N(v)|τ(v → x) = 0.6}.
By definition, for each x ∈ S1(v), there is a 3-cycle C(x) = vxuv such that d(u) > 15. Since G contains no 4-cycles,
C(x)∩C(y) = {v} for any two distinct x, y ∈ S1(v). Thus |S2(v)| 6 d(v)−2|S1(v)| and |S1(v)| 6 bd(v)/2c by (P2). It follows
thatw′(v) = w(v)−τ(v →) = w(v)− (1.2|S1(v)|+0.6|S2(v)|) = w(v)−0.6(2|S1(v)|+ |S2(v)|) > d(v)−6−0.6d(v) =
0.4d(v)− 6 > 0. 
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Lemma 5. Each face f ∈ F(G) satisfiesw′(f ) > 0.
Proof. Let f be an arbitrary face of G. Then d(f ) 6= 4 and p2(f ) 6 bd(f )/2c by (P1). We need to consider the possible values
of d(f ).
1. d(f ) = 3: Thenw′(f ) = 2× 3− 6 = 0. Suppose that d(f ) > 5. To showw′(f ) = w(f )− τ(f →) > 0, it suffices to verify
that τ(f →) 6 w(f ) = 2d(f ) − 6. Let f = [x1 x2 · · · xd], where d = d(f ). It is worth noting that some xi’s may occur
repeatedly in b(f ) if b(f ) is not a fundamental cycle.
2. d(f ) > 9: If d(f ) = 0 (mod 2), then d(f ) > 10 and τ(f →) 6 τf (x1x2) + τf (x3x4) + · · · + τf (xd−1xd) 6 2.6(d(f )/2) =
1.3d(f ) < 2d(f ) − 6 by Claim 2. If d(f ) = 1 (mod 2), we can select a vertex, say xd, of degree at least 4 by (P4). Thus
τ(f →) 6 τf (x1x2)+ τf (x3x4)+ · · · + τf (xd−2xd−1)+ τ(f → xd) 6 2.6((d(f )− 1)/2)+ 1 = 1.3d(f )− 0.3 < 2d(f )− 6
by Claim 2 and Table 1.
3. d(f ) = 8: Thenw(f ) = 10, and p2(f ) 6 4. If p2(f ) 6 3, then there exists an edge e = x′x′′ ∈ {x1x2, x3x4, x5x6, x7x8} such
that d(x′) > 3 and d(x′′) > 3 by (P4). Thus τ(f →) 6 τf (x1x2)+ τf (x3x4)+ τf (x5x6)+ τf (x7x8) 6 3× 2.6+ 2.1 = 9.9 <
w(f ) by Claim 2. If p2(f ) = 4, we may assume that d(xi) = 2 for i = 1, 3, 5, 7 by (P1). It follows from (P4) that d(xj) > 4
for all j = 2, 4, 6, 8. Hence τ(f →) 6 τf (x1x2)+ τf (x3x4)+ τf (x5x6)+ τf (x7x8) 6 4× 2.3 = 9.2 < w(f ) by Claim 2.
4. d(f ) = 7: Then w(f ) = 8 and p2(f ) 6 3. If b(f ) contains a vertex, say x7, of degree at least 6, then τ(f → x7) = 0 and
τ(f →) 6 τf (x1x2) + τf (x3x4) + τf (x5x6) + τ(f → x7) 6 3 × 2.6 = 7.8 < w(f ). So we suppose that d(xi) 6 5 for all
i = 1, 2, . . . , 7. (P4) implies that there exists some vertex, say x7, of degree at least 4, and there does not exist an edge
xy on the boundary of f such that d(x) = 2 and d(y) 6 3. Thus τ(f →) 6 τf (x1x2)+ τf (x3x4)+ τf (x5x6)+ τ(f → x7) 6
3× 2.3+ 1 = 7.9 < w(f ).
5. d(f ) = 6: Thenw(f ) = 6 and p2(f ) 6 3.• Assume that p2(f ) = 3. Without loss of generality, we may assume that d(xi) = 2 for i = 1, 3, 5. Since G does not
contain a configuration (C2), d(xj) > 6 for all j = 2, 4, 6. Then τ(f →) = τ(f → x1) + τ(f → x3) + τ(f →
x5) 6 3 × 2 = 6. If p2(f ) = 0, we may, without loss of generality, assume that d(x1) > 4 by (P4). Then
τ(f →) = τf (x1x2)+ τf (x3x4)+ τf (x5x6) 6 1.8+ 2.1+ 2.1 = 6 by Claim 2.• Assume that p2(f ) = 1. Furthermore, we assume that d(x1) = 2. If d(x3), d(x5) > 5, then τ(f →) 6 τf (x1x2) +
τf (x3x4)+ τf (x5x6) 6 2.6+ 1.5+ 1.5 = 5.6 by Claim 2.
Assume that d(x3) 6 4. It follows that d(x2) > 4 by (P4). Furthermore, we shall prove that τ(f → x2) = 0. In
fact, this is obvious if d(x2) > 6. If d(x2) = 5, we note that m(x2) > 2 by (P4) and hence r(x2) > 1.2. Consequently,
τ(f → x2) = 0. Assume now that d(x2) = 4. Let y and z be two neighbors of x2 different from x1 and x3. (P4)
asserts that d(y) > 15 and d(z) > 15. If yz ∈ E(G), i.e., x2yzx2 is a 3-cycle, then r(x2) > 1.2 + 1.2 = 2.4
by (R1) and thus τ(f → x2) = 0. If yz 6∈ E(G), then x2 is an improper 4-vertex but f is not an improper face
of x2. We also have τ(f → x2) = 0 by (R2). If d(x5) 6 4, we can prove similarly that τ(f → x6) = 0. Thus
τ(f →) 6 τf (x3x4) + τ(f → x1) + τ(f → x5) 6 2.1 + 2 + 1.5 = 5.6. If d(x3) 6 4 and d(x5) > 5, it follows
from τ(f → x2) = 0 that τ(f →) 6 τf (x1x6) + τf (x3x4) + τ(f → x5) 6 2.6 + 2.1 + 1/3 = 5 130 . If d(x5) 6 4 and
d(x3) > 5, we get similarly τ(f →) 6 5 130 .• Assume that p2(f ) = 2. It suffices to consider the following two cases.
Case 1: d(x1) = d(x4) = 2. Without loss of generality, we may assume that d(x2) = min{d(xi)|i = 2, 3, 5, 6}. If
d(x2) > 4, then τ(f →) 6 τf (x1x2)+ τf (x3x4)+ τf (x5x6) 6 2.3+ 2.3+ 1.3 = 5.9 by Claim 2. So suppose d(x2) = 3.
It follows from (P4) that m(x2) = 2 and d(x3) > 15. If d(x6) = 3, then m(x6) = 2 and d(x5) > 15. In this case,
m(x4) = 2 and hence τ(f → x4) 6 1.6 by Table 1. Thus τ(f →) 6 τ(f → x1) + τ(f → x4) + τ(f → x2) + τ(f →
x6) 6 2 + 1.6 + 0.9 + 0.9 = 5.4. Assume d(x6) > 4. Then either d(x6) > 6, or d(x6) > 5 and m(x6) > 2 by (P4).
Note that f cannot be an improper face of x6 because d(x1) = 2. Thus τ(f → x6) 6 (2 − 2 × 0.6)/2 = 0.4 and
τ(f →) 6 (f → x6)+ τf (x1x2)+ τf (x4x5) 6 0.4+ 2.6+ 2.6 = 5.6.
Case 2: d(x1) = d(x3) = 2. We first derive that d(x2) > 4 by (P4), and τ(f → x2) = 0 by a similar proof as above. If
d(x5) > 5, then τ(f →) 6 τf (x1x6) + τf (x3x4) + τ(f → x5) 6 2.6 + 2.6 + 1/3 = 5 815 . Assume that d(x5) 6 4. Then
d(x4), d(x6) > 4 by (P4). If d(x4) > 5, then τ(f →) 6 τf (x3x4)+ τf (x5x6)+ τ(f → x1) 6 2+1.8+2 = 5.8 by Claim 2.
If d(x6) > 5, we have similarly τ(f →) 6 5.8. So suppose d(x4) = d(x6) = 4. The similar discussion can be used to
show that τ(f → x4) = τ(f → x6) = 0. Thus τ(f →) 6 τ(f → x1)+ τ(f → x3)+ τ(f → x5) 6 2+ 2+ 1.5 = 5.5.
6. Assume that d(f ) = 5. Thenw(f ) = 4 and p2(f ) 6 2.• First assume that p2(f ) = 0. Then p3(f ) 6 3 by (P4). Let d(x1) = max{d(xi)|i = 1, 2, . . . , 5}. It is immediate that
d(x1) > 4 by (P4). If d(x1) > 6, then τ(f →) 6 τf (x2x3) + τf (x4x5) 6 2.1 + 1.8 = 3.9. Suppose that d(x1) 6 5. It
follows from (P4) that the boundary of f does not contain two adjacent 3-vertices, that is p3(f ) 6 2.
If d(x1) = 5, then τ(f →) 6 τf (x2x3)+τf (x4x5)+τ(f → x1) 6 1.8+1.8+ 13 = 3 1415 . If d(x1) = 4, then there exists
a 4-vertex, say x1, in the boundary of f that is adjacent to two big vertices y and z. If yz ∈ E(G), then r(x1) = 1.2+1.2 =
2.4 by (R1) and τ(f → x1) = 0. If yz 6∈ E(G), then x1 is an improper 4-vertex but f is not an improper face of x1. Thus
we also get τ(f → x1) = 0 by (R2). Therefore we always have τ(f →) 6 τf (x2x3)+ τf (x4x5) 6 1.8+ 1.8 = 3.6.• Next assume that p2(f ) = 1. Let d(x1) = 2 and d(x2) 6 d(x5). Suppose that d(x2) = 3. Thusm(x2) = 2 and d(x3) > 15.
If d(x5) = 3, then m(x5) = 2 and d(x4) > 15. In this case, τ(f →) 6 τ(f → x1) + τ(f → x2) + τ(f → x5) 6
2+ 0.9+ 0.9 = 3.8 by Table 1. Assume d(x5) > 4. If d(x4) > 4, then τ(f →) 6 τf (x1x2)+ τf (x4x5) 6 2.6+ 1.3 = 3.9.
If d(x4) = 3, then τ(f → x5) = 0 and hence τ(f →) 6 τf (x1x2)+ τ(f → x4) 6 2.6+ (3− 0.6)/2 = 3.8.
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Suppose that d(x2) > 4. If both x3 and x4 are of degree at least 5, then τ(f →) 6 τf (x1x2) + τ(f → x3) + τ(f →
x4)+ τ(f → x5) 6 3415 + 13 + 13 + 1 = 5915 . Assume that d(x3), d(x4) 6 4. We again obtain τ(f → xi) = 0 for i = 2, 5. If
max{d(x3), d(x4)} = 4, then τ(f →) 6 τf (x3x4)+τ(f → x1) 6 1.8+2 = 3.8. If d(x3) = d(x4) = 3, then at least one of
x2 and x5 is a big vertex by (P4), implyingm(x1) > 1. Thus τ(f →) 6 τf (x3x4)+τ(f → x1) 6 2.1+1.7 = 3.8 by Claim2
and Table 1. Now assume, without loss of generality, that d(x3) > 5 and d(x4) 6 4. It follows that τ(f → x5) = 0, and
τ(f →) 6 τf (x1x2)+ τf (x3x4) 6 2.3+ 1.5 = 3.8.• Finally assume that p2(f ) = 2. Let d(x1) = d(x3) = 2 and d(x4) 6 d(x5). At first, we see that τ(f → x2) = 0 and
neither x1 nor x3 is incident to a 3-face by (P3). If d(x4) > 5, then τ(f →) 6 τf (x3x4) + τf (x1x5) 6 2 + 2 = 4.
Suppose d(x4) 6 4. Thus the edge x4x5 belongs to some 3-cycle x4yx5x4 since G contains no (C3), where y 6∈ b(f ).
If d(x4) = 3, then d(y) > 15 and d(x5) > 15 by (P4). Thus τ(f →) 6 τ(f → x1) + τ(f → x3) + τ(f →
x4) 6 (4 − 0.6)/2 + 2 + (3 − 1.2 − 1.2)/2 = 4. Now assume d(x4) = 4. So d(x5) > 4, and (P4) implies that
m(x4) > 2. If d(x5) > 15, then τ(f →) 6 τ(f → x1) + τf (x3x4) 6 (4 − 0.6)/2 + 2.3 = 4. If d(x5) 6 14,
then both y and z are big vertices, where z ∈ N(x4)\{x3, x5, y}, with yz 6∈ E(G) as G contains no 4-cycles. Thus
x4 is an improper 4-vertex and f is not its improper face so that τ(f → x4) = 0 by (R2). When d(x5) > 5,
τ(f →) 6 τf (x1x5) + τ(f → x3) 6 2 + 2 = 4. When d(x5) = 4, x5 is also an improper 4-vertex and f is its
nonimproper face. Consequently, τ(f →) 6 τ(f → x1)+ τ(f → x3) = 2+ 2 = 4.
This completes the proof of Theorem 3. 
Theorem 3 implies that every plane graph G with δ(G) > 2 and without 4-cycles contains an edge xy such that
d(x), d(y) 6 14. This result is recently improved by the first author [22]: every graph Gwith δ(G) > 2 and without 4-cycles
which can be embedded in a surface of nonnegative characteristic contains an edge xywith d(x), d(y) 6 8.
Theorem 6. Let G be a connected plane graph with δ(G) > 2 and without 4-cycles. Then G contains the following
configurations (C′) or (C′′).
(C′) a 3-cycle uvwu with d(u) = 2;
(C′′) an edge xy such that either d(x) = 2 and d(y) 6 5, or d(x) 6 4 and d(y) 6 4.
Proof. Suppose that the theorem is false. Let G be a connected plane graph with δ(G) > 2 and without 4-cycles such that
G contains neither (C′) nor (C′′). Thus ∆(G) > 5 and G contains no 4-faces, two adjacent 3-faces and a 3-face incident to a
2-vertex. Moreover, for each face f ∈ F(G), p2(f )+ p3(f )+ p4(f ) 6 bd(f )/2c.
Again, we use the formula (1) and define the initial weight function w by w(v) = d(v) − 6 if v ∈ V (G) and
w(f ) = 2d(f )− 6 if f ∈ F(G). To obtain a contradiction, we carry out the following discharging rule.
(R) Let f be a big face and let v be a small vertex incident to f . For each occurrence of v in b(f ), we transfer from f to v 13
if d(v) = 5, 1 if d(v) = 4, 1.5 if d(v) = 3, and 2 if d(v) = 2.
Letw′ denote the resultant weight function once the discharging is complete. Similar to the proof of Theorem 3, we need
only show thatw′(x) > 0 for all x ∈ V (G) ∪ F(G).
Let v ∈ V (G). If d(v) > 6, thenw′(v) = w(v) = d(v)− 6 > 0.
If 3 6 d(v) 6 5, it is easy to verify thatw′(v) > 0, since v is incident to at least dd(v)/2e big faces.
If d(v) = 2, then v is incident to two big faces as G contains no (C′) and henceforthw′(v) = −4+2+2 = 0. Let f ∈ F(G).
Then d(f ) 6= 4.
• If d(f ) = 3, thenw′(f ) = w(f ) = 0.
• If d(f ) = 5, then w(f ) = 4 and p2(f ) 6 2. When p2(f ) = 2, p3(f )+ p4(f )+ p5(f ) = 0 and w′(f ) = w(f )− 2− 2 = 0.
When p2(f ) = 1, p3(f )+ p4(f ) 6 1 and p3(f )+ p4(f )+ p5(f ) 6 2. We havew′(f ) > 4− 2− 1.5− 13 = 16 . If p2(f ) = 0,
then p3(f )+ p4(f ) 6 2, implyingw′(f ) > 4− 2× 1.5− 3× 13 = 0.• If d(f ) = 6, thenw(f ) = 6 and p2(f ) 6 3. For p2(f ) = 3, we have p3(f )+ p4(f )+ p5(f ) = 0 andw′(f ) = 6− 3× 2 = 0.
For p2(f ) = 2, it is easy to see that p3(f )+ p4(f )+ p5(f ) 6 1 and so w′(f ) > 6− 2− 2− 1.5 = 0.5. For p2(f ) = 1, we
have p3(f )+p4(f )+p5(f ) 6 3 and p3(f )+p4(f ) 6 2. Thereforew′(f ) > 6−2−2×1.5− 13 = 23 . Otherwise, p2(f ) = 0,
we have p3(f )+ p4(f ) 6 3 andw′(f ) > 6− 3× 1.5− 3× 13 = 0.5.• If d(f ) = 7, thenw(f ) = 8 and p2(f )+ p3(f )+ p4(f ) 6 3. Thusw′(f ) > 8− 3× 2− 4× 13 = 23 .• If d(f ) > 8, then, since p2(f )+p3(f )+p4(f ) 6 bd(f )/2c and p5(f ) 6 d(f )−p2(f )−p3(f )−p4(f ), we have the following:
2p2(f )+ 1.5p3(f )+ p4(f )+ 13p5(f ) 6 2(p2(f )+ p3(f )+ p4(f ))+
1
3
(d(f )− p2(f )− p3(f )− p4(f ))
= 1
3
d(f )+ 5
3
(p2(f )+ p3(f )+ p4(f ))
6
1
3
d(f )+ 5
3
⌊
1
2
d(f )
⌋
6 2d(f )− 6.
This shows thatw′(f ) > 0 and thus completes the proof of Theorem 6. 
Theorem 6 asserts that every plane graph G with δ(G) > 3 and without 4-cycles contains an edge xy such that
d(x), d(y) 6 4. In particular, such plane graph G has δ(G) 6 4.
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3. L(p, q)-labelling numbers
Let G be a planar graph without 4-cycles. Let v ∈ V (G) with N(v) = {x1, x2, . . . , xd(v)}. Suppose that we are trying to
construct an L(p, q)-labelling φ of G and v is a vertex to be labelled. For every labelled vertex x ∈ N(v), there are 2p − 1
consecutive labels φ(x) − p + 1, φ(x) − p + 2, . . . , φ(x), φ(x) + 1, . . . , φ(x) + p − 1 that are forbidden to use on v.
Similarly, for every labelled vertex y of distance 2 from v, there are 2q − 1 consecutive labels φ(y) − q + 1, φ(y) − q +
2, . . . , φ(y), φ(y)+ 1, . . . , φ(y)+ q− 1 that are forbidden to use on v. Let σ(v) denote the number of labels forbidden for
v. Then σ(v) 6 (2p− 1)d∗(v)+ (2q− 1)∑{d∗(xi)|1 6 i 6 d(v)}, where d∗(u) denotes the number of vertices adjacent to
u that have already been labelled.
The following lemma is obvious and is used frequently in the proof of Theorems 8 and 9.
Lemma 7. If H ⊆ G, then λ(H; p, q) 6 λ(G; p, q).
Theorem 8. Suppose that p, q are positive integers. Let G be a plane graph without 4-cycles. Then λ(G; p, q) 6 (2q− 1)∆(G)+
10p+ 84q− 47.
Proof. We prove the theorem by induction on |V (G)| + |E(G)|. If ∆(G) 6 2 or |V (G)| + |E(G)| 6 6, it is easy to verify the
theorem. Let G be a plane graph without 4-cycles and with |V (G)| + |E(G)| > 7 and ∆(G) > 3. Without loss of generality,
we may assume that G is connected. Thus δ(G) > 1. In what follows, we write simply∆ = ∆(G), and let B = {0, 1, . . . , K ∗}
denote the set of K ∗ + 1 labels, where K ∗ = (2q− 1)∆+ 10p+ 84q− 47.
If G contains a vertex v of degree 1, we can extend an L(p, q)-labelling of G − v to an L(p, q)-labelling of G since
σ(v) 6 (2p− 1)+ (2q− 1)(∆− 1) = (2q− 1)∆+ 2p− 2q < K ∗.
So suppose that δ(G) > 2. By Theorem 3, G contains one of the configurations (C1)–(C4). The proof is divided into four
cases as follows.
Case 1: G contains a 3-cycle xyzx such that d(x) = 2 and d(y) 6 14.
Let H = G − x. Evidently, H is a plane graph without 4-cycles and with ∆(H) 6 ∆. By the induction hypothesis, H has
an L(p, q)-labelling φ with the label set B. Now wemay label x to extend φ into an L(p, q)-labelling of G since the number of
forbidden labels of x satisfies the following:
σ(x) 6 2(2p− 1)+ (2q− 1)(d(y)− 2+ d(z)− 2)
6 2(2p− 1)+ (2q− 1)(14− 2+∆− 2)
= (2q− 1)∆+ 4p+ 20q− 12 < K ∗.
Case 2: G contains a 6-cycle u1u2 · · · u6u1 such that d(u1) = d(u3) = d(u5) = 2 and d(u2) 6 5.
Let H = G − {u1, u3} + u2u5. Then H is a plane graph without 4-cycles and with ∆(H) 6 ∆. The induction hypothesis
asserts that H has an L(p, q)-labelling φ with the label set B. By the following inequalities, we can properly label u1 and u3
in G in succession:
σ(u1) 6 2(2p− 1)+ (2q− 1)(d(u2)− 2+ d(u6)− 1)
6 2(2p− 1)+ (2q− 1)(5− 2+∆− 1)
= (2q− 1)∆+ 4p+ 4q− 4 < K ∗,
σ (u3) 6 2(2p− 1)+ (2q− 1)(d(u2)− 1+ d(u4)− 1)
6 2(2p− 1)+ (2q− 1)(5− 1+∆− 1)
= (2q− 1)∆+ 4p+ 6q− 5 < K ∗.
Case 3: G contains a 5-cycle v1v2 · · · v5v1 such that d(v1) = d(v3) = 2, d(vi) 6 5 for some i ∈ {2, 4, 5}, and the edge v4v5 is
not in any 3-cycle.
Let H = G− {v1, v3} + {uv2, uv4, uv5}, where u 6∈ V (G) is a new vertex. It is easy to see that H is a plane graph without
4-cycles and with ∆(H) 6 ∆ such that |V (H)| + |E(H)| < |V (G)| + |E(G)|. For any L(p, q)-labelling φ of H using the label
set B, we further label v1 and v3 in the following ways:
If d(v4) 6 5, we first label v1 with φ(u). Based on this, with the similar argument to Case 2, we can prove that
σ(v3) 6 (2q− 1)∆+ 4p+ 6q− 5 < K ∗. Thus, v3 admits a feasible labelling.
If d(v5) 6 5, we have a similar proof.
If d(v2) 6 5, we first label v3 with φ(u). Similarly, since σ(v1) 6 (2q − 1)∆ + 4p + 6q − 5 < K ∗, we can properly
label v1.
Case 4: G contains an edge xy with N(X) = {y, x1, . . . , xd(x)−1} and N(y) = {x, y1 . . . yd(y)−1} such that d(x) 6 5, d(y) 6 5,
d(xi) 6 14 for i = 1, 2, . . . , d(x)− 2, and d(yj) 6 14 for j = 1, 2, . . . , d(y)− 2.
Let H = G− xy. Let φ denote an L(p, q)-labelling of H using the label set B. In G, we first erase the labels of x and y. Then
we can relabel x and y in succession, because of the following inequalities:
σ(x) 6 4(2p− 1)+ (2q− 1)(4+ 3× 13+∆− 1)
= (2q− 1)∆+ 8p+ 84q− 46 < K ∗,
σ (y) 6 5(2p− 1)+ (2q− 1)(4+ 3× 13+∆− 1)
= (2q− 1)∆+ 10p+ 84q− 47 = K ∗.
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Thus, φ can be extended to an L(p, q)-labelling of Gwith the label set B. 
Theorem 9. Suppose that p, q are positive integers. Let G be a plane graph without 4-cycles. Then λ(G; p, q) 6 (8q− 4)∆(G)+
8p− 6q− 1.
Proof. The proof is proceeded by induction on |V (G)| + |E(G)|. If |V (G) + E(G)| 6 6, or ∆(G) 6 2, the theorem holds
obviously. Let G be a plane graph without 4-cycles and with ∆(G) > 3 such that |V (G)| + |E(G)| > 7. Again, we write
∆ = ∆(G) and B = {0, 1, . . . , K ′}where K ′ = (8q− 4)∆+ 8p− 6q− 1. By the induction assumption, any proper subgraph
H of G has an L(p, q)-labelling φ with the label set B.
If G contains a vertex v of degreee at most 1, we put H = G − v. Then φ can be extended to an L(p, q)-labelling of G
because σ(v) 6 (2p− 1)+ (2q− 1)(∆− 1) = (2q− 1)∆+ 2p− 2q < K ′. Thus, we assume δ(G) > 2. By Theorem 6, we
consider the following two cases.
Case 1: G contains a 3-cycle uvwu such that d(u) = 2.
Let H = G − u. Since σ(u) 6 2(2p − 1) + (2q − 1)(d(v) − 2 + d(w) − 2) 6 (4q − 2)∆ + 4p − 8q + 2 < K ′, we may
label u to establish an L(p, q)-labelling of Gwith the label set B.
Case 2: G contains an edge xy such that either d(x) = 2 and d(y) 6 5 or d(x) 6 4 and d(y) 6 4.
Let H = G− xy. We relabel y and x in succession after their labels φ(y) and φ(x) are erased. If d(x) = 2 and d(y) 6 5, we
have the following:
σ(y) 6 4(2p− 1)+ (2q− 1)(4(∆− 1)+ 1)
= (8q− 4)∆+ 8p− 6q− 1 = K ′,
σ (x) 6 2(2p− 1)+ (2q− 1)(4+∆− 1)
= (2q− 1)∆+ 4p+ 6q− 5 < K ′.
If d(x) 6 4 and d(y) 6 4, we have the following:
σ(y) 6 3(2p− 1)+ (2q− 1)(3(∆− 1)+ 3)
= (6q− 3)∆+ 6p− 3 < K ′,
σ (x) 6 4(2p− 1)+ (2q− 1)(3(∆− 1)+ 3)
= (6q− 3)∆+ 8p− 4 < K ′.
Thus an L(p, q)-labelling of G can be constructed in each of the two cases. 
It is a simple observation that Theorem 1 follows from Theorems 8 and 9.
4. Concluding remarks
For any graph G, it is evident that χ(G2) > ∆(G) + 1 and λ(G; 2, 1) > ∆(G) + 1. Together with Corollary 2, we see
that there exists a constant c such that for all planar graphs Gwithout 4-cycles, both χ(G2) and λ(G; 2, 1) lie in the interval
[∆(G)+ 1,∆(G)+ c].
Let c1 denote the least c such that all planar graphs Gwithout 4-cycles satisfy χ(G2) 6 ∆(G)+ c , and define c2 similarly
with respect to λ(G; 2, 1). Since a 5-cycle C satisfies χ(C2) = 5 = ∆(C) + 3 and λ(C; 2, 1) = 4 = ∆(C) + 2, we obtain
from Corollary 2 that 3 6 c1 6 48 and 2 6 c2 6 57.
Question 1. What are the precise values of c1 and c2?
We remark that neither c1 nor c2 is bounded when planar graphs G are allowed to have 4-cycles. Consider the graph H
that is obtained from a triangle by replacing each edge of the triangle with n internally vertex-disjoint paths of length 2.
Then H is a planar graph with∆(H) = 2n and without k-cycles for all k 6= 4, 6. It is easy ti show that λ(H; 2, 1) > χ(H2) =
3n = 32∆(H). Since n can be arbitrarily large, neither χ(H2) nor λ(H; 2, 1) is bounded by any constant plus∆(H).
For general planar graphs G, we feel that we can put the following upper bound λ(G; p, q) as a function of∆(G), p and q.
Conjecture 3. For any positive integers p and q, there exists a linear function f (p, q) such that every planar graph G satisfies
λ(G; p, q) 6 qd 32∆(G)e + F(p, q).
As for the minimum degree of G2, we note that our Theorem 3 implies that every planar graph G without 4-cycles
contains a small vertex v such that the number of vertices of distance at most 2 from v is at most ∆(G) + 47, implying
δ(G2) 6 ∆(G)+ 47. Also note that the line graph H of a dodecahedron is a 4-regular planar graph without 4-cycles, which
satisfies δ(H2) = 12 = ∆(H)+ 8 and χ(H2) = 5 = ∆(H)+ 1. Therefore for all planar graphs Gwithout 4-cycles, we have
δ(G2) 6 ∆(G)+ c3 for some 8 6 c3 6 47.
Question 2. What is the precise value of c3?
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